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TWISTING AND SATELLITE OPERATIONS ON P-FIBERED BRAIDS
BENJAMIN BODE
ABSTRACT. A geometric braid B can be interpreted as a loop in the space of monic complex polynomials with distinct
roots. This loop defines a function g : C× S1 → C that vanishes on B. We define the set of P-fibered braids as those
braids that can be represented by loops of polynomials such that the corresponding function g induces a fibration argg :
(C×S1)\B→ S1. We show that a certain satellite operation produces new P-fibered braids from known ones. We also
prove that any braid B with n strands, k− negative and k+ positive crossings can be turned into a P-fibered braid (and
hence also into a braid whose closure is fibered) by adding at least k−+1n negative or
k++1
n positive full twists to it.
1. INTRODUCTION
We consider a geometric braid B on n strands as the union of n parametric curves. If the closure of B has m
components {Ci}i=1,2,...,m made up of ni strands, we can arrange B to be of the form
(1)
m⋃
i=1
ni⋃
j=1
(zi, j(t), t)⊂ C× [0,2pi], t ∈ [0,2pi],
where zi, j : [0,2pi]→ C are smooth functions, parametrising the jth strand of the component Ci, such that for
any t ∈ [0,2pi] an equality zi, j(t) = zi′, j′(t) implies i = i′ and j = j′ and furthermore, for all i = 1,2, . . . ,m, and
j = 1,2, . . . ,ni, there is a unique k = 1,2, . . . ,ni, such that zi, j(2pi) = zi,k(0) and such that the resulting permutation
j 7→ k on ni points is cyclic. When we refer to a geometric braid B like this, we mean this particular parametrisation,
in particular, a choice of labeling the components Ci and the strands j = 1,2, . . . ,ni that is consistent with the
conditions on zi, j.
Given such a parametrisation we can define the function g : C× [0,2pi]→ C,
(2) g(u, t) =
m
∏
i=1
ni
∏
j=1
(u− zi, j(t)).
Note that for any value of t ∈ [0,2pi], the function gt := g(·, t) : C→ C is a complex polynomial in one variable,
whose roots are precisely the positions of the n strands of the given braid at the height t. Therefore, as t varies
from 0 to 2pi , the roots of g trace out the braid B in the parametrisation given in Eq. (1). It follows that g0 = g2pi
and we can thus regard a braid as a loop gt , t ∈ S1 in the space of monic polynomials with distinct roots.
Definition 1.1. A geometric braid B as in Eq. (1) is called P-fibered (P for polynomial) if the corresponding
function g as in Eq. (2) induces a fibration via
(3) argg = g/|g| : (C×S1)\B→ S1.
A braid type is called P-fibered if it can be represented by a P-fibered geometric braid.
Note that for every monic complex polynomial p : C→ C and every χ ∈ [0,2pi] we have
(4) lim
r→∞arg p(re
iχ) = eiχ deg p.
It follows that we can embed C× S1 in S3 such that the fibration extends to S3\L, where L is the closure of the
P-fibered braid B. Hence closures of P-fibered braids are fibered links in S3. However, it is (to our knowledge) an
open problem if every fibered link is the closure of a P-fibered braid.
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2 BENJAMIN BODE
Although the term ‘P-fibered braid’ has not been used before, the concept has already been applied to the
construction of real algebraic links in [3, 4]. These are the real analogue of Milnor’s algebraic links [13], that is,
they are links of isolated singularities of real polynomial maps from R4 to R2.
In this paper, we study satellite operations on P-fibered braids. For a given geometric braid B on n strands,
whose closure has components C1,C2, . . .Cm, m ∈ N, we can choose geometric braids B1,B2, . . . ,Bm and form
the satellite link L(B;B1,B2, . . . ,Bm) by replacing a tubular neighbourhood of the component Ci by a solid torus
containing the (closed) braid Bi. This should be done without any twisting, that is, the images of {0}×S1 ⊂C×S1,
which is identified with Ci, and of {1}×S1 ⊂C×S1 should have a linking number equal to the self-linking number
of Ci using the blackboard framing. We denote by mi the number of components of the closure of Bi and by ni,k
the number of strands of the kth component of the closure of Bi. The braid B has a geometric braid representative
given by Eq. (1) and Bi has a geometric braid representative parametrised by
(5)
mi⋃
k=1
ni,k⋃
`=1
(zik,`(t), t)⊂ C× [0,2pi], t ∈ [0,2pi],
where zik,` : [0,2pi]→ C is a smooth function, the parametrisation of the `th strand of the kth component of the
closure of Bi. Since they parametrise a geometric braid, the functions zik,` satisfy the same conditions as zi, j above.
Then the satellite L(B;B1,B2, . . . ,Bm) is by definition the closure of the geometric braid
(6) B(B;B1,B2, . . . ,Bm) :=
m⋃
i=1
ni⋃
j=1
mi⋃
k=1
ni,k⋃
`=1
(
zi, j(t)+ εzik,`
(
t+2pi( j−1)
ni
)
, t
)
⊂ C× [0,2pi], t ∈ [0,2pi],
with ε > 0 chosen sufficiently small. The corresponding loop in the space of monic complex polynomials with
distinct roots is thus
(7) Gt,ε(u) := Gε(u, t) :=
m
∏
i=1
ni
∏
j=1
mi
∏
k=1
ni,k
∏`
=1
(
u−
(
zi, j(t)+ εzik,`
(
t+2pi( j−1)
ni
)))
.
An example of this operation is depicted in Figure 1. Note that the braid type ofB(B;B1,B2, . . . ,Bm) depends
on the precise parametrisations of B and Bi, i = 1,2, . . . ,m, and in particular on the labelling i, j of the strands of
B, while the link type of its closure L(B;B1,B2, . . . ,Bm) only depends on the labelling of the components of the
closure of B.
We obtain a braid diagram from a geometric braid by projecting the strands on the plane Im(u)= 0. At a crossing
for some value of t, we choose the strand with lower Im(zi, j(t)) to be the overpassing strand. Note that this choice
of sign is quite arbitrary. If B is a P-fibered braid, then its mirror image is parametrised by the complex conjugates
(zi, j(t), t) and is hence also P-fibered. From a braid diagram we obtain a braid word in the Artin generators σi,
i = 1,2, . . . ,n−1, and their inverses. We typically read off crossings from a braid diagram from the bottom to the
top, i.e., along the direction of increasing t.
For a braid B we denote by Br, r ∈N, the rth power of B in the braid group, that is, the concatenation of r copies
of B. On the level of braid words, this means that the braid word of B is repeated r times. We write B−r for the rth
power of B−1. Note that if B is a P-fibered braid, then Br is also P-fibered for all non-zero r ∈ Z.
The main result of this paper is as follows.
Theorem 1.2. Let B be a P-fibered braid whose closure has m components. Let B1,B2, . . . ,Bm be P-fibered
braids with notations as above and such that they all have the same number of strands s, i.e., s = ∑mik=1 ni,k for all
i = 1,2, . . . ,m. Then there are natural numbers qi, i = 1,2, . . . ,m, such that B(B;B
r1
1 ,B
r2
2 , . . . ,B
rm
m ) is a P-fibered
braid for all integers ri with |ri| ≥ qi.
In [11] Hirasawa studied under which conditions satelitte knots are fibered. The satellites from Theorem 1.2
satisfies the conditions in [11], so it is not surprising that the result is a fibered link. The fact that it is a P-fibered
braid however is a stronger statement.
Building on a construction from [3] we also show that every link is a sublink of a real algebraic link.
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a) b) c)
d) e)
FIGURE 1. An example of the satellite operation. a) The braid B = σ31 on 2 strands closing to
the trefoil knot. b) The braid B1 = (σ−12 σ)
3, which closes to the Borromean rings. Both of them
are P-fibered braids. c) Since the closure of B has one component made up of 2 strands, we
divide B1 into two vertical halves and perform the satellite operation as indicated in part d) of
the figure. e) The resulting satellite braidB(B;B1).
Theorem 1.3. Every link is a sublink of a real algebraic link.
It follows from the definition of the Garside normal form of braids that every braid B can be made positive by
adding a large enough number k of positive full-twists ∆2k. Closures of positive braids are fibered and we use the
concept of P-fibered braids to find a new lower bound for k such that ∆2kB closes to a fibered link for a given braid
B.
Theorem 1.4. Let B be a braid on n strands, with k− negative and k+ positive crossings. Then ∆2k1B and ∆−2k2B
close to fibered links for all k1,k2 ∈ N with k1 ≥ k−+1n and k2 ≥ k++1n .
The remainder of this paper is organised as follows. In Section 2 we review applications of P-fibered braids to
the construction of real algebraic links and simple branched covers, which motivate our results. In Section 3 we
prove Theorem 1.2, which is followed by some examples in Section 3.2. The proof of Theorem 1.3 can be found
in Section 4. Theorem 1.4 is proved in Section 5.
Acknowledgements: This work was supported by JSPS KAKENHI Grant Number JP18F18751 and a JSPS
Postdoctoral Fellowship as JSPS International Research Fellow.
2. MOTIVATION: REAL ALGEBRAIC LINKS AND SIMPLE BRANCHED COVERS
This chapter reviews applications of P-fibered braids. We omit the proofs and refer to the cited articles, even
though the term ‘P-fibered braid’ is not used there.
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2.1. Real algebraic links. In the last chapter of his seminal work [13], Milnor investigates properties of the so-
called real algebraic links. We use this term for the real analogue of links of singularities of complex hypersurfaces,
namely links of isolated critical points of polynomials f : R4 → R2. This should not be confused with knotted
algebraic varieties in RP3 as they were introduced by Viro [22], which are also referred to as real algebraic links.
Definition 2.1. Let p : R4 → R2 be a polynomial map. We say p has an isolated singularity at the origin if
p(0) = 0, the Jacobian matrix satisfies ∇p(0) = 0 and there is a neighbourhood B of 0 ∈R4 such that 0 is the only
point in B where the rank of ∇p is not full.
The number 0 in Definition 2.1 refers to the origin in R4 and R2 and the zero matrix of size 2-by-4, respectively.
Like in the complex case, an isolated singularity at the origin guarantees that the intersection of the vanishing set
(8) Vp := p−1(0) = {(x1,x2,x3,x4) ∈ R4 : p(x1,x2,x3,x4) = (0,0)}
and the 3-sphere S3ρ of small enough radius ρ > 0 is a link, whose link type is independent of the radius.
Definition 2.2. A link L is real algebraic if there exists a polynomial p : R4 → R2 such that p has an isolated
singularity at the origin and p−1(0)∩S3ρ is isotopic to L for all small enough radii ρ . We also say L is the link of
the singularity of p.
Milnor showed that all real algebraic links are fibered [13], but it is not known which links are real algebraic.
Conjecture 2.3 (Benedetti-Shiota [1]). A link is real algebraic if and only if it is fibered.
So far, the set of links that are known to be real algebraic is still comparatively small. There are of course
the algebraic links (coming from complex polynomials), but also certain unions of algebraic links [17] and the
connected sum K#K of any fibered knot K with itself [12]. Perron [16] and Rudolph [19] constructed polynomials
for the figure-eight knot and it was shown in [3] that all closures of squares of homogeneous braids are real
algebraic (cf. Definition 2.4).
The concept of P-fibered braids had not been introduced at the time of [3], but now we can rephrase the results
as follows.
Definition 2.4. A braid B on n strands is called homogeneous if it can be written as a word w in the Artin generators
such that for every i = 1,2, . . . ,n−1 the generator σi appears in w if and only if σ−1i does not appear.
Theorem 2.5. [3] Let B be a homogeneous braid. Then B is P-fibered.
Theorem 2.6. [3] Let B be a P-fibered braid. Then the closure of B2 is real algebraic.
A more recent and more detailed account of these results can also be found in [5]. The fact that homogeneous
braid closures are fibered is due to Stallings [21].
A construction that was shown to go beyond the family of homogeneous braids has been proposed in [4]. Both
constructions in [3] and [4] allow us to write down the real polynomial map p : R4 → R2 explicitly in terms of
gt . In particular, p can be written as a mixed polynomial in complex variables u, v and the conjugate v, i.e., it is
holomorphic with respect to one of the complex variables, a property that we call semiholomorphic. The degree of
p with respect to u is equal to the degree of gt and hence the number of strands of the P-fibered braid.
2.2. Simple branched covers and symmetric Hopf plumbings. In this section we will explain how closures of
P-fibered braids are also examples of fibered links that can be constructed from the unknot via a sequence of Hopf
plumbings and deplumbings that are in some sense symmetric with respect to certain simple branched covers.
Harer conjectured that every fibered link could be obtained from the unknot by a sequence of Hopf plumbings
and deplumbings. This was eventually proven by Giroux [8, 9] by establishing the correspondence between contact
structures and open book decompositions.
Before Giroux’s proof, Montesinos and Morton [14] attempted to prove Harer’s conjecture with the following
approach.
Given a link L in S3 we say an unknot α ⊂ S3\L is a braid axis of L if the fibration of the unknot complement
S3\α can be arranged such that each fiber intersects L transversally in the same number of points.
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Definition 2.7. A d-sheeted branched covering map pi : F → S between two surfaces F and S is called simple if
for every point p in the finite branch set Q⊂ S the preimage pi−1(p) consists of d−1 points.
A map pi : M→ N between closed 3-manifolds M and N is a simple branched cover with branch set C ⊂ N if
it is locally homeomorphic to the product of an interval with a simple d-sheeted branched cover of a disc, and the
branch points in the products form the set C.
Let pi : S3→ S3 be a simple branched cover, branched over a link L. Then for every braid axis α of L the link
pi−1(α) is fibered. Hilden and Montesinos showed that the converse is also true [10]. For every fibered link L′ there
exists such a simple branched cover pi , branched over some link L and a braid axis α of L, such that L′ = pi−1(α).
Montesinos and Morton observed that for a fixed simple branched cover pi : S3 → S3 with branch set L the
preimages pi−1(α) and pi−1(β ) of two braid axes α and β of L are related by a sequence of Hopf plumbings and
deplumbings [14], which led to the following question:
Question 2.8. Is there for every fibered link L′ a simple branched cover pi : S3→ S3, branched over a link L with
braid axes α and β , such that pi−1(α) = L′ and pi−1(β ) is an unknot?
It is (to our knowledge) not known if every Hopf plumbing can be described in this way (i.e., a change of the
braid axis for the branch link L). Hence, while a positive answer to this question implies another proof of Harer’s
conjecture, Giroux’s work does not imply an answer to this question.
In order for a Hopf (de)plumbing operation on a fiber surface F to arise in this way, the attaching arc γ ⊂ F has
to be somewhat symmetric with respect to the simple branched covering map pi . Namely, there has to be a path γ ′
in the disk S from L∩S to ∂S, disjoint from L apart from its starting point, such that pi(γ) = γ ′. If a Hopf plumbing
or deplumbing occurs along an arc γi, i = 1,2, . . . ,N, like this, we say the Hopf (de)plumbing is symmetric.
Let D be the open unit disk inCwith closure D. Note that (D×S1)/((eiχ ,eit1)∼ (eiχ ,eit2))∼= S3. Let φ :C→D
be an orientation-preserving diffeomorphism such as φ(u) = u1+|u| . Given a P-fibered braid B on n strands and the
corresponding function g, we can define the map pi : S3→ S3,
pi(φ(u),eit) = (φ−1(g(u, t)),eit),
pi(eiχ ,eit) = (eiχn,eit).(9)
Using Eq. (16) and basic properties of complex polynomials it is not difficult to check that pi is a simple
branched cover, branched over the link that is the closure of the critical values (v1(t),v2(t), . . . ,vn−1(t)) of gt . One
braid axis of this link is given by β = (eis,eit), with s varying from 0 to 2pi , whose preimage pi−1(β ) is the unknot
(eiχ ,eit), with χ varying from 0 to 2pi . Another braid axis is α = (0,eit), with t varying from 0 to 2pi , whose
preimage pi−1(α) is the closure of B.
Proposition 2.9. (cf. [6]) Let B be a P-fibered braid. Then pi : S3 → S3 as above is a simple branched cover,
branched over a link L with braid axes α and β , such that pi−1(α) is the closure of B and pi−1(β ) is an unknot.
Corollary 2.10. Let B be a P-fibered braid. Then its closure can be obtained from the unknot by a sequence of
symmetric Hopf plumbings and deplumbings.
Corollary 2.11. Let B be a homogeneous braid. Then there is a simple branched cover as in Proposition 2.9.
Hence the closure of B can be obtained from the unknot by a sequence of symmetric Hopf plumbings and deplumb-
ings.
The constructions in [3] and [4] as well as Theorem 1.2 can thus be motivated by making progress with regards to
Conjecture 2.3 and Question 2.8. P-fibered braids (together with their braid axes) are also examples of generalized
exchangeable braids as in [15] and mutually braided open books as in [20].
3. THE PROOF OF THEOREM 1.2
3.1. The proof. It is a simple calculation that argg is a fibration if and only if for all (u∗, t∗) ∈ (C×S1)\B:
(10)
(
∂g
∂u
(u∗, t∗),
∂ argg
∂ t
(u∗, t∗)
)
6= (0,0).
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If we denote the critical points of gt , i.e., the roots of the derivative
∂gt
∂u , by cp(t), p = 1,2, . . . ,n−1, and set the
critical values to be vp(t) := gt(cp(t)), p = 1,2, . . . ,n−1, then Eq. (10) becomes
(11)
∂ argvp(t)
∂ t
6= 0, for all p = 1,2, . . . ,n−1, t ∈ [0,2pi].
Since the condition in Eq. (eq:fib) is an open condition, i.e., it remains true under small perturbations of the
coefficients of gt , we can assume without loss of generality that the critical points cp(t), p = 1,2, . . . ,n− 1, are
distinct for any t ∈ [0,2pi].
We denote the critical points of Gt,ε in Eq. (7) by Cε,p(t), p= 1,2, . . . ,ns−1, and its critical values by Vε,p(t) :=
Gt,ε(Cε,p(t)). In order to prove Theorem 1.2, we have to show that
(12)
∂ argVε,p(t)
∂ t
6= 0, for all p = 1,2, . . . ,ns−1, t ∈ [0,2pi]
if ε > 0 is chosen sufficiently small.
Proof of Theorem 1.2. Say the jth strand of the component Ci of the closure of B is parametrised by (zi, j(t), t) ⊂
C× [0,2pi] such that argg : C× [0,2pi]\B→ S1 is a fibration. We consider
(13) gst (u) := g
s(u, t) :=∏
i, j
(u− zi, j(t))s.
Since cp(t), p = 1,2, . . . ,n−1, is a critical point of gt , it is also a critical point of gst (with multiplicity one). The
other critical points of gst are the roots zi, j(t), i = 1,2, . . . ,m, j = 1,2, . . . ,ni, of gt and they have multiplicity s−1.
We call a critical point of multiplicity one simple. The critical points of gst can therefore be divided into two groups:
Those critical points that are also critical points of gt (and are hence simple) and those that are not.
Since argg is a fibration, the critical values vp(t)= g(cp(t), t) of g have the property that
∂ argvp(t)
∂ t never vanishes.
It follows from arggs(cp, t) = sargg(cp, t) that the n− 1 critical values vp(t)s = gs(cp(t), t) of gs have the same
property if cp(t) is a simple critical point, i.e.,
∂ argvp(t)s
∂ t never vanishes.
Note that Gt,0 = gst . Hence, for any critical point of g
s
t of multiplicity m there is a neighbourhood U ⊂ C such
that for all ε > 0 chosen sufficiently small Gt,ε has m critical points in U when counted with multiplicity.
The values that a polynomial takes on its simple critical points are smooth functions of the coefficients. We can
thus think of n− 1 of the critical values Vε,p(t), say p = 1,2, . . . ,n− 1, of Gt,ε as smooth functions Vp(t)(ε) of
ε ≥ 0 with Vp(t)(0) = vp(t)s, where vp(t) = cp(t) for a simple critical point cp(t) of gt . Since arggst is a fibration,
∂ argvp(t)s
∂ t never vanishes and hence
∂ argVp(t)(ε)
∂ t never vanishes as long as ε is chosen sufficiently small.
What remains is a proof that the same statement holds for the critical values of Gt,ε that do not correspond to
simple critical points of gst . These are the values Vε,p(t), p = n,n+ 1, . . . ,ns− 1, that Gt,ε takes on the critical
points Cε,p(t) that lie in arbitrarily small neighbourhoods of zi, j(t), i.e., the roots of gt and therefore the critical
points of gst of multiplicity s−1, when ε is chosen small enough.
Let
(14) gi, j(u, t) :=
mi
∏
k=1
ni,k
∏`
=1
(
u− zik,`
(
t+2pi( j−1)
ni
))
be the polynomial map whose vanishing set is the jth interval [ 2pi( j−1)ni ,
2pi j
ni
] of the braid Bi, i.e., Bi ∩ (C×
[ 2pi( j−1)ni ,
2pi j
ni
]). Note that in general gi, j(u,2pi) 6= gi, j(u,0), but rather gi, j(u,2pi) = gi, j+1(u,0). We denote the
critical points of gi, j(·, t) : C→ C by ci, j,p(t), p = 1,2, . . . ,s− 1. Since Bi is assumed to be a P-fibered braid
with parametrisation (zik,`(t), t), the critical values vi, j,q(t) := gi, j(ci, j,q(t), t) of gi, j satisfy
∂ argvi, j,q(t)
∂ t 6= 0 for all
q = 1,2, . . . ,s−1, t ∈ [0,2pi].
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Claim: For ε > 0 sufficiently small, say less than some δ > 0, the critical points Cε,p(t), p= n,n+1, . . . ,ns−1,
of Gt,ε , which do not correspond to simple critical points of gst , are given by zi, j(t)+ εϕi, j,q(t,ε) for some i =
1,2, . . . ,m, j = 1,2, . . . ,ni and ϕi, j,q : [0,2pi]× [0,δ ]→ C, q = 1,2, . . . ,s−1, a smooth function with ϕi, j,q(t,0) =
ci, j,q(t).
Fix a choice of i and j. Since arggi′, j′ , i′ = 1,2, . . . ,m, j = 1,2, . . . ,ni′ , being a fibration is an open condition,
i.e., Eq. (10) remains true under small perturbations of the coefficients of gi′, j′ , we can assume without loss of
generality that zi
′
k,`(t) 6= 0 for all i′ = 1,2, . . . ,m, k = 1,2, . . . ,mi′ , `= 1,2, . . . ,ni′,k, and all t ∈ [0,2pi]. To prove the
claim we consider Gt,ε as a continuous family of rational maps from the Riemann sphere C∪{∞} to itself. We can
apply a change of coordinates u 7→ u˜− zi, j to Gt,ε such that the factors in Eq. (7) that correspond to i and j are of
the form u− εzik,`. We divide the whole expression by εns and apply another coordinate change u˜ 7→ ûε such that
for all ε > 0 the function Gt,ε(û, t) has the same critical points as
1
εns
Gt,ε(û, t) =
mi
∏
k=1
ni,k
∏`
=1
(
û− zik,`
(
t+2pi( j−1)
ni
))
×
(m,ni)
∏
(i′, j′)=(1,1)
(i′, j′)6=(i, j)
m′i
∏
k=1
ni′,k
∏`
=1
(
û− 1
ε
(
zi′, j′(t)+ εzi
′
k,`
(
t+2pi( j′−1)
ni′
)))
=gi, j(û, t)
(m,ni)
∏
(i′, j′)=(1,1)
(i′, j′)6=(i, j)
m′i
∏
k=1
ni′,k
∏`
=1
(
û− 1
ε
(
zi′, j′(t)+ εzi
′
k,`
(
t+2pi( j′−1)
ni′
)))
.(15)
As ε goes to zero, the roots of Gt,ε(û, t) that are not roots of gi, j(û, t) tend to infinity, canceling with the pole
at infinity of multiplicity ns, such that the limit function is the first factor gi, j(û, t). This can be made explicit by
another change of variable, where we consider w = 1û , leading to
1
εns
Gt,ε(w, t) = gi, j(w, t)
(m,ni)
∏
(i′, j′)=(1,1)
(i′, j′)6=(i, j)
m′i
∏
k=1
ni′,k
∏`
=1

(
zi′, j′(t)+ εzi
′
k,`
(
t+2pi( j′−1)
ni′
))
εw
×
(
ε
(
zi′, j′(t)+ εzi
′
k,`
(
t+2pi( j′−1)
ni′
))−1
−w
))
= gi, j(w, t)
1
ε(n−ni)s
(m,ni)
∏
(i′, j′)=(1,1)
(i′, j′)6=(i, j)
m′i
∏
k=1
ni′,k
∏`
=1

(
zi′, j′(t)+ εzi
′
k,`
(
t+2pi( j′−1)
ni′
))
w
×
(
ε
(
zi′, j′(t)+ εzi
′
k,`
(
t+2pi( j′−1)
ni′
))−1
−w
))
(16)
We can multiply the whole expression by ε(n−ni)s and find that the right hand side has a well-defined limit as ε
goes to zero, which is
(17) gi, j(w, t)
(m,ni)
∏
(i′, j′)=(1,1)
(i′, j′)6=(i, j)
m′i
∏
k=1
ni′,k
∏`
=1
zi′, j′(t)
w
(−w) = gi, j(w, t)
(m,ni)
∏
(i′, j′)=(1,1)
(i′, j′)6=(i, j)
m′i
∏
k=1
ni′,k
∏`
=1
−zi′, j′(t),
which is simply a non-zero multiple of gi, j(w, t) and therefore has the same critical points as gi, j(w, t).
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Therefore the critical points of Gt,ε(w, t) are identical to the critical points of the right hand side of Eq. (16)
for all ε > 0 and for ε = 0 the critical points of the right hand side of Eq. (16) are equal to the critical points of
gi, j(w, t).
Since simple critical points of rational maps are smooth functions of their coefficients and the critical points of
gi, j are simple, the critical points of Gt,ε are simple as long as ε is sufficiently small, say less than some δ > 0,
and they are given by smooth functions of ε ∈ (0,δ ). Considering the variable changes that we have used, we
find that they take the claimed form of zi, j(t)+ εϕi, j,q(t,ε). Since ϕi, j,q(t,ε) is smooth on [0,2pi]× (0,δ ) it has a
well-defined limit function as ε goes to zero, which is precisely ci, j,q(t).
Strictly speaking, we have used these arguments for a fixed value of t, but since t takes values in the compact set
S1, we can guarantee that for all t the critical points Cε,p(t), p= n,n+1, . . . ,ns−1, of Gt,ε , which do not correspond
to simple critical points of gst , take the form zi, j + εϕi, j,q(t,ε) with ϕi, j,q(t,0) = ci, j,q(t) and q ∈ {1,2, . . . ,s−1}.
This proves the claim. We will now see how it implies that the satellite braid is P-fibered. Let Cε,p(t) =
zi, j+εϕi, j,q(t,ε) be a critical point of Gt,ε that does not correspond to a simple critical point of gst and let Vε,p(t) =
Gt,ε(Cε,p(t)).
We calculate
(18)
∂ argVε,p(t)
∂ t
=
∂
∂ t
Im Log Gt,ε(zi, j + εϕi, j,q(t,ε)) = T1+T2,
where
T1 :=
mi
∑
k=1
ni,k
∑`
=1
 1∣∣∣ε (ϕi, j,q(t,ε)− zik,`( t+2pi( j−1)ni ))∣∣∣2
×
[
Re
(
ε
(
ϕi, j,q(t,ε)− zik,`
(
t+2pi( j−1)
ni
)))
Im
(
ε
∂
(
ϕi, j,q(t,ε)−zik,`
(
t+2pi( j−1)
ni
))
∂ t
)
− Im
(
ε
(
ϕi, j,q(t,ε)− zik,`
(
t+2pi( j−1)
ni
)))
Re
(
ε
∂
(
ϕi, j,q(t,ε)−zik,`
(
t+2pi( j−1)
ni
))
∂ t
)]}
(19)
and
T2 :=
m,ni′
∑
(i′, j′)=(1,1)
(i′, j′)6=(i, j)
 1∣∣∣zi, j(t)+ εϕi, j,q(t,ε)− zi′, j′(t)− εzi′k,`( t+2pi( j′−1)ni′ )∣∣∣2
×
[
Re
(
zi, j(t)+ εϕi, j,q(t,ε)− zi′, j′(t)− εzi
′
k,`
(
t+2pi( j′−1)
ni′
))
×Im
 ∂(zi, j(t)+εϕi, j,q(t,ε)−zi′, j′ (t)−εzi′k,`( t+2pi( j′−1)ni ))
∂ t

− Im
(
zi, j(t)+ εϕi, j,q(t,ε)− zi′, j′(t)− εzi
′
k,`
(
t+2pi( j′−1)
ni′
))
×Re
 ∂(zi, j(t)+εϕi, j,q(t,ε)−zi′, j′ (t)−εzi′k,`( t+2pi( j′−1)ni′ ))
∂ t
 .(20)
Note that the claim above imlies that the first term T1 becomes
∂ arggi, j(ci, j,q(t),t)
∂ t as ε goes to zero. Since Bi
is P-fibered, this expression is non-zero. The second term also has a well-defined limit, which only depends on
differences of the roots of gt , i.e., on zi, j(t) and zi′, j′(t).
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If we perform this same calculation not for Bi, but for B
ri
i , we have to multiply the first term by ri, while the limit
of the second term is unchanged. It follows that as long as ri has a sufficiently large modulus, the whole expression
becomes non-zero. Again this can be achieved for all i, j, p and t simultaneously because of compactness of S1.
This concludes the proof of Theorem 1.2.

3.2. Some examples. We conclude this section with some examples.
Example 1: Consider the Hopf link as the closure of the P-fibered braid given by
z1(t) = eit , t ∈ [0,2pi],(21)
z2(t) =−eit , t ∈ [0,2pi].(22)
Since both components C1 and C2 of the closure consist of only one strand we have omitted the index j, which
usually runs through the strands making up one component, from the parametrisation.
We want to perform the satellite operation with B1 = (σ−12 σ
−1
1 )
2, a P-fibered braid closing to the (negative)
trefoil knot, and B2 = (σ1σ−12 )
2, a P-fibered braid closing to the figure eight knot. Both are braids on three strands,
so that the condition from Theorem 1.2 is satisfied.
Since both braid closures have only one component, we omit the index k (which usually runs through the
components) in their parametrisations. B1 and B2 have the following parametrisations as P-fibered braids [2]:
z1`(t) = e
i(−2t+2pi`)/3, `= 1,2,3, t ∈ [0,2pi](23)
z2`(t) = cos
(
2t+2pi`
3
)
+
i
2
sin
(
2(2t+2pi`)
3
)
, `= 1,2,3, t ∈ [0,2pi].(24)
By the definition of the satellite operation we get a braid that is parametrised by
(25)
2⋃
i=1
3⋃
`=1
(
zi, j(t)+ εzi`(t), t
)⊂ C× [0,2pi].
We define Gt,ε as in Eq. (7) and find that for ε = 1/10 we obtain a fibration argGt,1/10 : (C×S1)→ S1.
The braid word of the satellite braid is given by
(26) B(B;B1,B2) = σ1σ−12 σ
−1
5 σ
−1
4 σ3σ4σ5σ2σ3σ4σ1σ2σ3σ
−1
2 σ
−1
1 σ4σ
−1
5 σ3σ4σ5σ2σ3σ4σ1σ2σ3.
Example 2: We should look at one more example where the closure of B has components that consist of more
than one strand. For this we take the figure-eight braid B = (σ1σ−12 )
2 from before, so
(27) z j(t) = cos
(
2t+2pi j
3
)
+
i
2
sin
(
2(2t+2pi j)
3
)
, j = 1,2,3.
We have omitted the index i, since the closure only has one component.
For the satellite operation we choose the 2-strand braid B1 = σ1. Since the figure-eight knot only has one
component, we can only pick one braid and the condition on the number of strands in Theorem 1.2 becomes
obsolete.
The braid B1 is a P-fibered braid given by
(28) z`(t) = ei(t+pi`)/2, `= 1,2.
Again we have omitted the index k for the same reason as above.
We obtain the satellite braid as
(29)
3⋃
j=1
3⋃
`=1
(
z j(t)+ εz`
(
t+2pi j
3
)
, t
)
⊂ C× [0,2pi].
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n n
FIGURE 2. The replacement rule for σ (−1)
i
i . We double the number of strands of the braid B and
thread the first of the added strands through B to shift the crossing σ (−1)
i
i to a position for which
it has the desired sign.
Using Mathematica we find that (depending on the strand of B) T2 in Eq. (20) takes values between -2.77128
and 2.77128 (rounded) when t goes from 0 to 2pi , while T1 in Eq. (19) is constant at 1/3 as ε goes to zero. It follows
that ∂ argVε,p(t)∂ t = T1+T2 has zeros for some p ∈ {1,2,3,4,5} even as ε goes to zero and hence the geometric braid
in Eq. (29) is not P-fibered when ε is small. However if we use Br11 with |r1| ≥ 9≥ 3×2.77128 instead of B1, we
obtain a P-fibered braidB(B;Br11 ).
4. EVERY LINK IS A SUBLINK OF A REAL ALGEBRAIC LINK
We say that a link L is a sublink of a link L′ if L′ is the disjoint union of L and some other link L′′. In other
words, deleting the components of L′ that make up L′′ leaves us with L.
It is known that every link is a sublink of a fibered link. One proof of this fact by Stallings is by taking a braid
B that closes to the link in question and add one more strand to it, which threads through B in such a way that it
creates an alternating and hence homogeneous braid [21]. We are going to use a very similar technique to show
that every link is a sublink of a real algebraic link using Theorem 2.5 and Theorem 2.6
Proof of Theorem 1.3. Let B be a braid on n strands. We obtain another braid B′ on 2n strands by replacing each
generator in the word of B as follows:
σ (−1)
i+1
i 7→ σ (−1)
i+1
i ,
σ (−1)
i
i 7→
(
n−i−1
∏
j=1
σ (−1)
n− j
n+1− j
)
σ (−1)
i
i+1
s
∏
j=1
σ (−1)
i+1
i .(30)
The rule is depicted in Figure 2. Geometrically, B′ is obtained from B by adding n strands to the right of it and
threading the first of the added strands through B in an alternating fashion such that it shifts the crossing σ (−1)
i
i
one position to the right, i.e., it becomes a σ (−1)
i
i+1 .
Note that the map B2n → Bn that forgets the strands 1,2, . . . ,n maps B′ to B and the map that forgets the
strands n+1,n+2, . . . ,2n maps B′ to the trivial braid. Let pin : Bn→ Sn be the permutation representation, where
TWISTING AND SATELLITE OPERATIONS ON P-FIBERED BRAIDS 11
FIGURE 3. The alternating braid ∏nk=1
(
∏nj=1σ
(−1)n+k− j+1
n+k− j
)
for n = 3.
Sn is the symmetric group on n elements. Then pi2n(B′) maps j to pin(B)( j) if j ∈ {1,2, . . . ,n} and to j if j ∈
{n+1,n+2, . . . ,2n}. Thus the permutation of the strands of B′ splits into two disjoint sets of cycles, one involving
the strands j= 1,2, . . . ,n and the other being the trivial permutation of the remaining strands j= n+1,n+2, . . . ,2n.
The braid B′ is alternating. This technique of threading an added strand through the braid B to obtain an
alternating braid is due to Stallings [21].
We compose B′ with ∏nk=1
(
∏nj=1σ
(−1)n+k− j+1
n+k− j
)
(depicted in Figure 3 for n = 3) and call the resulting braid B′′.
Note that B′′ is also an alternating braid and since every generator appears at least once (either with a positive or
negative sign), it is homogeneous.
Consider now the alternating, homogeneous braid (B′′)2. The permutation induced by (B′′)2 is given
(31) j 7→
{
pin(B)( j), if j ∈ {1,2, . . . ,n},
n+pin(B)( j−n) else.
Note that the map B2n → Bn that forgets the strands 1,2, . . . ,n maps (B′′)2 to B and the map that forgets the
strands n+1,n+2, . . . ,2n maps (B′′)2 to B too. Thus the closure of (B′′)2, which is a real algebraic link by Theorem
2.5 and Theorem 2.6, consists of two copies of the closure of B, which are linked in some way. In particular, the
closure of B is a sublink of the closure of (B′′)2. 
Figure 4 shows the braids B, B′, B′′ and (B′′)2 for the example braid B = σ31σ2σ
−1
1 σ2, which closes to the
(non-fibered) knot 52.
Regarding Conjecture 2.3 it is reassuring that every link is a sublink of a real algebraic link, given that we
already know that every link is a sublink of a fibered link. Theorem 1.3 also highlights another stark contrast
between algebraic and real algebraic links, since every sublink of an algebraic link is also algebraic, while real
algebraic links can have arbitrarily complicated sublinks.
5. TWISTING
The positive half-twist of n strand is given by
(32) ∆n := (σ1σ2 . . .σn−1)(σ1σ2 . . .σn−2) . . .(σ1σ2)σ1
and plays an important role in the braid group. Its square, the full twist ∆2n generates the center of the braid group
on n strands and ∆n is the key element to defining the Garside Normal Form of a braid. In this form, every braid B
on n strands is equivalent to ∆−rn A for some r ∈ Z and some positive braid A (cf. e.g. [7]). It follows that any braid
can be turned into a positive braid by adding a certain number of positive half-twists to it. Since positive braid
closures are fibered, there is for every braid B on n strands a lowest exponent k such that ∆2kn B is fibered. It is not
too difficult to see that k can be taken to be less than k−+12 , where k− is the number of negative crossings of B [7].
In this section we use the theory of P-fibered braids to prove Theorem 1.4, which establishes a better bound on k.
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a) b) c)
d)
FIGURE 4. The example of the 52-braid. a) A non-homogeneous braid B that closes to the knot
52. b) We double the number of strands and thread the first of the added strands through B to
obtain an alternating braid B′. c) Composing this with the braid in Figure 3 yields the alternating
(and hence homogeneous) braid B′′. d) The braid B′′2 is the square of a homogeneous braid and
its closure consists of two components, each of which give the 52-knot.
Let
(33) Yi = σ−1i σ
−1
i−1 . . .σ
−1
2 σ
2
1σ2σ3 . . .σi if i≥ 2
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a) b)
c) d)
FIGURE 5. a) The braid Y3 on 4 strands which equals X2. b) The same braid as a motion of
points in the complex plane. c) The braid X1X2X1X−23 X2. As a geometric braid it can be regarded
as the union of the critical values of a loop of polynomials gt and the 0-strand (0, t)⊂C× [0,2pi],
t ∈ [0,2pi]. d) The roots of gt can be taken to form the braid σ1σ2σ1σ−23 σ2.
and Y1 = σ21 be braids on n strands. Furthermore, let
(34) Xi =
Y i+12 if i is odd,Y i
2+b
s−1
2 c
if i is even.
An example of such a braid on four strands, namely Y3 = X2, is shown in Figure 5a). The corresponding motion
of points in the complex plane is shown in Figure 5b). Note that these braids can be parametrised such that only
one point is non-stationary. It moves in front of other strands, makes one twist around the first strand and comes
back to its original starting position.
Proposition 5.1 (cf. [3, 4, 5, 18]). For every parametrisation (0,v1(t),v2(t), . . . ,vn−1(t)) of any braid of the
form ∏kj=1 X
ε j
i j , ε j ∈ {±1}, there is a loop in the space of complex polynomials gt , t ∈ S1, such that the roots of
g(u, t) = gt(u) form the braid ∏kj=1σ
ε j
i j and the critical values of gt are v1(t),v2(t), . . . ,vn−1(t).
In [5], Proposition 5.1 was stated differently, namely that the roots of gt form a conjugate of∏kj=1σ
ε j
i j . However,
a closer look at the proofs in [5] quickly establishes that the element that we are conjugating by is the trivial braid.
Proof of Theorem 1.4. Note that we can parametrise each Yi as (0,v1(t),v2(t), . . . ,vn−1(t)) such that v j(t) is con-
stant for all j 6= i and vi(t) moves counter-clockwise on an ellipse around the origin. In particular, we can choose
∂ argvi
∂ t = 1. This leads to a parametrisation of ∏
k
j=1 X
ε j
i j by composition of these parametrisations or their inverses.
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We can parametrise this composition such that the parts that correspond to a positive sign, i.e., σi and Xi rather than
σ−1i and X
−1
i , are executed in an ε-amount of time for an arbitrarily small ε > 0, so that the corresponding
∂ argvi
∂ t
becomes very large. For a negative sign, i.e., σ−1i and X
−1
i , the corresponding critical value moves clockwise.
However, for each part that corresponds to a negative crossing σ−1i , the corresponding critical value vi(t) has
2pi−ε
k−
amount of time to complete one clockwise turn around its ellipse, where k− is the number of negative crossings in
∏kj=1σ
ε j
i j . This means we have a parametrisation of ∏
k
j=1 X
ε j
i j with the property that
(35) min
q=1,2,...,s−1
t∈[0,2pi]
∂ argvq(t)
∂ t
≥− 2pi
2pi− ε k− >−k−−1.
By Proposition 5.1 this parametrisation of∏kj=1 X
ε j
i j corresponds to the strand (0, t)⊂C× [0,2pi] and the critical
values (v1(t),v2(t), . . . ,vn−1(t)) of a parametrised family of polynomials gt , t ∈ [0,2pi], whose roots form the
desired braid B =∏kj=1σ
ε j
i j .
We use the same notation for gt as in the previous sections, that is, the jth strand of the ith component of the
closure of B is parametrised by (zi, j(t), t)⊂ C× [0,2pi] for a smooth function zi, j(t) : [0,2pi]→ C.
Consider now the braid ∆2kB, parametrised by (eiktzi, j(t), t) ⊂ C× [0,2pi], i = 1,2, . . . ,m, j = 1,2, . . . ,ni, for
some k ∈ N.
Note that the critical points of g˜t(u) =∏mi=1∏
ni
j=1(u−eiktzi, j(t)) are given by eiktcq(t), q= 1,2, . . . ,n−1, where
cq(t), q = 1,2, . . . ,n−1, are the critical points of gt(u) =∏mi=1∏nij=1(u− zi, j(t)). Hence the critical values v′q(t) of
g˜t are given by einktvq(t), q = 1,2, . . . ,n−1.
It follows from Equation (35) that the critical values v′q(t), q = 1,2, . . . ,n−1, of g˜t satisfy
(36) min
q=1,2,...,s−1
t∈[0,2pi]
∂ argv′q(t)
∂ t
≥− 2pi
2pi− ε k−+ kn>−k−−1+ kn.
In particular, if k ≥ k−+1n we have constructed a parametrisation of ∆2kB as a P-fibered braid. 
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